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Abstract 

The  existence  of  various  kinds  of  connecting  orbits  is  established  for  the  Hamiltonian 
system; 

(*)  4‘+n9)  =  o 

as  well  as  its  time  dependent  analogue. 

For  the  autonomous  case,  our  main  assumption  is  that  V  has  a  global  maximum,  e.g. 
at  X  =  0  and  we  find  various  kinds  of  orbits  terminating  at  0.  For  the  time  dependent  case 
V  has  a  local  but  not  global  maximum  at  x  =  0  and  we  find  a  homoclinic  orbit  emanating 
from  and  terminating  at  0. 


AMS  (MOS)  Subject  Classifications:  34C25,  35J60,  58E05,  58F05,  58F22 

Key  Words:  connecting  orbit,  Hamiltonian  system,'^periodic  solution, 
homoclinic  orbit 
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Some  results  on  connecting  orbits 
for  a  class  of  Hamiltonian  Systems 


§1.  Introduction. 

This  paper  concerns  the  existence  of  various  kinds  of  connecting  orbits  for  second 
order  Hamiltonian  systems  of  the  form 

(HS)  q+V’(q)^0. 

It  will  always  be  assumed  that  V  has  a  global  maximum,  e.g.  at  x  =  0.  Therefore  q  =  0 
is  a  solution  of  (HS).  We  are  interested  in  nontrivial  solutions  of  (HS)  that  terminate  at 
X  =  0.  i.e. 

il.D  Urn  q{t)  ~  q{oc)  =  0  —  q(cc). 

t — -oc 

If  e.g.  C  R"  is  bounded.  \'  6  C‘(Q.R)  and 
(1.2)  V'(x)<V'(0)  for  all  x  €  f2\{0}. 

Theortun  2.1  shows  there  is  a  solution  of  (HS)  such  that  ry(0)  G  chd.  q{f )  G  Q.  for  all  f  >  0. 
and  (1.1)  holds.  If  (1.2)  is  replaced  by 

(  I''(x)  <  V'(0)  for  all  x  €  fi\{0} 
il..3)  ^  l'(x)  =  I'(0)  for  X  G  5Q 

[  V''(x)  #0  for  X  e  dQ, 

then  Theon'ui  2.22  .shows  there  exists  a  solution  of  (HS)  as  in  Theorem  2.1  hirther  satisfying 
q{{))  =  0.  Since  (HS)  is  time  reversible,  extending  this  solution  to  R  via  q{—t)  =  q{f)  yields 
a  homoclinic  solution  of  (HS)  emanating  from  0. 

These  results  are  proved  in  §2  by  studying  the  functional 

(1.4)  i{q)  =  f  ^ki(Ol‘ - 

Jo  l- 

corresponding  to  (HS)  and  using  elementary  minimization  arguments.  Our  arguments  were 
inorivafed  in  part  by  [l]  where  related  reasoning  was  employed  to  prove  the  existence  of 
iK'teroclinic  solutions  of  (HS)  for  functions  Idx'l  which  are  periodic  in 

b'  t'le  setting  of  Theorem  2.22  is  studied  in  more  dc'tail.  If  OQ  contains  (  compo¬ 
nents.  W('  show  in  Theorem  3.1  that  (HS)  possesses  at  least  0,  honioclinic  orbits  joining  0 
to  Oil  and  at  least  Cp  periodic  solutions  joining  the  components,  where  C/,  +  Cp>  C. 
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la  §4.  we  assume  Q.  =  R'*.  Then  the  methods  of  §2  show  that  for  each  ^  G  R'‘\{0}. 
thi're  is  a  solution  of  (HS)  satisfying  q{0)  =  ^  and  (1.1)  (Theorem  4.1).  Moreover  the 
critical  value  of  I  iir  (1.4)  has  a  variational  characterization.  The  existence  assertion  of 
Theorem  4.1  without  this  variational  characterization  was  alreadj'  proved  by  Bolotin  and 
Kozlov  [2]  in  a  more  general  setting  by  a  less  direct  argument.  It  is  also  proved  in  §4  that 
under  the  h\'potheses  of  Theorem  4.1,  there  is  a  solution  of  (HS)  emanating  from  infinity 
and  terminating  at  0. 

Lastly  in  §5,  the  existence  of  homoclinic  orbits  is  studied  for 

( 1.0 )  <?'  +  I  ^(ri  q}  =  0 

assuming  that  the  potential  energy  V  grows  at  a  superquadratic  rate  as  |.f|  — +  oc.  i.e. 

(1.6)  V'(ri  2')ja:|“^  — >■  CO  as  jx]  — >■  cx:. 

Such  questions  have  been  studied  recently  by  Coti-Zelati,  Ekeland.  and  Sere  [3].  and  Hofer 
and  Wysocki  [  1]  for  general  Hamiltonian  systems: 

(1.7)  z  =  JH,(i.z) 

and  for  (l.o)  in  [o].  It  is  assumed  in  [3-5]  that  H  (or  1")  is  T-periodic  in  t.  Here  (1.5)  is 
trf’ar<’d  without  such  an  assumption  for 

(l.S)  !'(/.  x)  =  — •  X  '  i  ’  rix) 

where  Li-)  is  positive  definite  and  IK  satisfies  (1.6).  Two  different  settings  are  studied. 
For  the  first,  it  is  assumed  that  the  smallest  eigenvalue  of  L{t)  approaches  oc  as  |f|  — >•  oc. 
F<n'  the  second,  we  assume 

L{t)  -y  loc(0. 

a  T-periodic  function,  in  an  appropriate  sense  as  jf]  — >■  oc.  For  both  cases  minimax 
arguments  are  employed  to  obtain  the  existence  of  the  homoclinic  solution. 

This  work  was  done  while  the  second  author  was  visiting  the  Center  for  the  Mathe¬ 
matical  Sciences.  University  of  Wisconsin  -  Madison,  he  would  like  to  thank  the  Center 
for  its  kind  hospitality. 
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2.  Autonomous  Hamiltonian  Systems 


This  section  contains  Theorem  2.1  and  2.22  as  stated  in  the  Introduction.  In  this  and 
the  sections  that  follow,  in  the  proofs  of  the  results,  it  will  be  assumed  that  n  >  2.  The 
proofs  for  77  —  1  are  much  simpler. 

To  begin  we  have: 

Theorem  2.1:  Let  be  a  bounded  neighborhood  of  0  in  R"  and  V  6  C^(n,R)  with 
V(.r)  <  V{0)  for  all  x  6  n\{0}.  Then  there  exists  a  solution,  q,  of  (HS)  such  that 
q(0)  G  dQ.  q(oc)  =  0  =  9(00),  and  q(t)  £  Q  for  all  t  G  (0,oc). 

Proof:  Without  loss  of  generality,  it  can  be  assumed  that  V’(O)  =  0.  The  proof  consists 
of  several  steps  and  follows  the  lines  of  a  related  situation  in  [1]  involving  the  existence  of 
hetcroclinic  orbits  of  details. 

Let  R"*"  =  [O.oc)  and 


■->  0] 


/OO 

\q\-dt  <  ^}. 


E  IS  a  Hilbert  space  under  the  norm 

fCO 

lkl|-=/  Vi\^dt  +  \qm^ 

Jo 


and  E  C  CIR"^,  R").  Let  T  be  the  subset  of  E  defined  by 


(2. .3)  r  =  {9  G  I  9(0)  G  9(co)  =  0,  and  q{t)  G 

for  all  t  G  R”^}. 


For  9  G  r,  consider  the  functional 


(2.4) 


dt. 


Set 


(2.5)  c  =  inf  I(q). 

q€r 

Then  Theorem  2.1  follows  on  establishing: 

Proposition  2.6:  c  is  a  critical  vrJue  of  I  with  a  corresponding  critical  point  9  G  F  where 
(2.7)  f  =  (a’  G  F  I  w{t)  G  V.  for  all  t  G  (0,oo)}. 
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Moroovci 

(2.8)  c  =  inf  I{w), 

u’ef 

q  satisfies  (HS),  and  q{oc)  =  0. 

The  first  step  in  proving  Proposition  2.6  is  a  variant  of  Lemma  3.6  of  [1].  Let 
denote  the  open  ball  of  radius  p  about  ^  6  R".  If  =  0,  we  simply  write  Bp. 

Lemma  2.9:  Let  p  >  0  such  that  Bp  C  Set 

0(p)  = 

Suppose  w  G  E  and  w{t)  ^  ^\Bp  for  t  £  Uj=i[^>5  ■*>]•  Then 

_  fc 

(2.10)  I(iv)  >  \/2f3{p)  ^  Ke(rj)  -  u;(sj)|. 

7=1 

Proof;  The  proof  of  lemma  2.9  is  same  as  its  analogue  in  [1]  so  we  refer  to  [1]  for  details. 
An  immediate  consequence  of  Lemma  2.9  is 

Lemma  2.11:  If  lc  £  E.  w{t)  £  fl  for  all  t  £  R"^,  and  /(ic)  <  co,  then  w(cc)  =  0.  If  in 
addition.  a(0)  £  dQ.  then  w  £  P. 

Proof:  Let  a'(u’)  denote  the  set  of  limit  points  of  the  orbit  w(i)  as  f  cc.  Since  Q 
is  compact,  a’(u')  </>.  Let  ^  £  u:(w).  If  u‘(oo),  there  is  a  <5  >  0  and  seciuences 

( ^  fii )  •  ( I'/n )  C  R"^  such  that  trn  oc.  ic(t^}  ->  00,  and  U'(r^)  ^  Bs(0  as 

m  — +  oc.  Applying  Lemma  2.9  with  p  =  6/4  shows  I{w)  >  L-y/2/^(6/4)  for  any  k  £  N,  i.e. 
/(»■)  =  oc,  a  contradiction.  Therefore  ^  =  u;(oo).  Lastly  observe  that  since  P(0)  >  V{x) 
for  all  X  £  n\{0},  the  only  possible  value  of  ^  for  which  J(u))  <  00  is  ^  =  0. 

Now  we  can  prove: 

Proposition  2.12;  There  exists  g  €  P  such  that  I{q)  =  c. 

Proof  Let  (<7m)  be  a  minimizing  sequence  for  (2.5).  Since  <  0  and  12  is  compact,  the 
form  of  I  shows  {qm)  is  bounded  in  E.  Hence  a  subsequence  of  [qm)  converges  weakly  in  E 
and  strongly  in  R")  to  q  £  E  satisfying  ^(0)  £  512  and  q{t)  £  12  for  all  t  £  R"*". 

A  simple  lower  semicontinuity  argument  -  see  Proposition  3.12  of  [1]  -  shows  I[q)  <  oc 
and 

(2.13)  I{q)  <  inf  /(«')• 

u)tr 
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Consequently  q  via  Lemma  2.11  and  equality  holds  in  (2.13). 

To  complete  the  proof  of  Proposition  2.6  and  Theorem  2.1,  it  remains  to  show  that 
5  G  f ,  i.e.  q{t)  G  for  all  t  G  (0,cc),  q  satisfies  (HS),  and  fj('oo)  =  0.  Set 

T  (0,ccl  I  q{t)  G  5^}. 

Since  5(cc)  =  0  and  q  is  continuous,  T  is  compact. 

Proposition  2.14:  T  =  p  and  5  G  f . 

Proof;  If  T  ^  p.  define  r  by 


(2.15) 


T  =  max{t  G  (O.oo)  |  t  G  T}. 


Hence  r  >  0  and  since  q{oc)  =  0,  r  <  00.  Set  Q[t)  =  q{t  +  r).  Then  Q  G  P  C  P  and 


(2.1G) 


i{Q) 


/■~  ri 

Jr 


dt  <  I[q) 


since  ^'{q(t))  <  0  and  ^  0  for  t  G  (O.r).  But  then  (2.13)  is  violated.  Hence  T  =  (p  and 

qet. 

Proposition  2.17:  q  satisfies  (HS)  on  (O.oc). 

Proof:  The  proof  of  this  statement  is  identical  to  that  of  Proposition  3. IS  of  [1]  and  will 
Ix'  omitted. 

The  Proposition  implies 
Corollary  2.18:  (/(oc)  =  0. 

Proof;  Since  q  satisfies  (HS),  there  is  a  constant  .4  such  that 

1 


5ki(^)l"  +  PW))  =  -d 


(2.19) 

for  all  t  G  R'*'.  Consequently 

roo 

(2.20)  I{q)=  /  {\q\-^-  -  A)dt. 

Jo 

Since  q  &  E  and  I{q)  <  oc-,  (2.20)  shows  d.  =  0.  Finally  5(00)  =  0.  C(0)  =  0.  and  (2.19) 
imply  that  q(oc)  =  0. 

Tile  proof  of  Theorem  2.1  is  complete. 


Remark  2.21:  If  V  merely  belongs  to  C^(12,R),  the  initial  value  problem  for  (HS)  need 
not  have  a  unique  solution.  Therefore  it  is  possible  that  the  solution  q{t)  just  constructed 
satisfies  q{t)  =  0  for  large  t.  Of  course  this  cannot  happen  if  V  €.  C'~(Q,R). 

As  a  consequence  of  Theorem  2.1,  we  have 

Theorem  2.22:  Let  V  6  C^(R",R)  with  V(0)  =  0  being  a  strict  local  maximum  of  Id 
Let 

=  {:r  G  R"  I  V(x)  <  0}  U  {0} 

and  let  Q.  be  the  component  of  containing  0.  If  Q.  is  bounded  and  V'(.r)  0  for  all 

X  6  dQ.  then  there  is  a  solution,  q.  of  (HS)  in  T  with  ^(0)  =  0  =  $(oc).  Moreover  I{q)  =  c 
where  c  is  given  by  (2.5)  and  (2.S). 


Proof:  An  approximation  argument  based  on  Theorem  2.1  will  be  employed.  For  e  >  0. 
let 


=  {x  G  f2  I  dist(x,9f2)  >  e}. 


For  small  e,  is  a  neighborhood  of  0  for  which  Theorem  2.1  is  valid.  Hence  there  exists 
a  solution  qt  of  (HS)  such  that  if 

Ff  =  {te  G  £  \  w{0)  G  dQ(,w{oo)  =  0,  and 
G  for  all  t  G  (O.cc)}, 

and 

ff  =  {le  G  E  |u;(0)  G  dQe,w(oo)  =  0,  and 
u'{t)  G  12^  for  all  t  6  (0,  oo)}, 

then 

/(O  <7.  e  f,  and  ?Aoc)  =  0 

\(u)  /((/f)  =  infp^  J  =  infr.  /  =  Cf 

Since  f2f  C  f2  which  is  bounded  and  is  a  solution  of  (HS),  {(j'e)  is  bounded  in  C^(R'*',  R'’ ). 
Hence  there  is  a  subsequence  e;.  — ♦  0  and  q  G  C^(R'’‘,  R")  such  that  q^i^  q  in  R'’}. 

By  (HS)  and  (2.2.3)  ,  5  is  a  solution  of  (HS).  ^(0)  G  c>f2,  q(t)  G  f2  for  all  t  G  (0,  cc).  and 

(2.24)  i|ry(2)p  +  V{q(t))  =  0  for  2  G  R+. 

Since  q(d)  G  dV^ ,  (2.24)  shows  q(0)  =  0.  It  remains  to  show  that  g  G  f ,  g(oc)  =  0.  and 
(2.5)  and  (2.S)  hold.  These  facts  are  consequences  of  the  next  3  lemmas.  For  now  let  c  be 
as  given  by  (2.5)  and  c  by  (2.8)  so 


(2.25) 


c  <  c. 
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Lemma  2,26:  q  ^  E  and  I{q)  <  c. 

Proof;  Note  that  for  0  <  e  <  6,  if  p  G  T^.  since  p(oo)  =  0,  there  exists  a  r  >  0  such  that 
p(r)  £  d^s  and  p{t)  £  Qs  for  all  t  >  t.  Hence  w{t)  =  p{t  +  r)  £  and  I{w)  <  I{p).  This 
implies  that  for  such  pairs  p  and  ic\ 

(2.27)  inf  J(p)  >  inf  I{w)  >  inf  I{u) 

for  0  <  e  <  <5  and  therefore 

(2.2S)  c>  c>  Ci  >  cs- 

Since  — >  5  in  for  all  T  >  0, 

(2.29)  00  >  c  >  c  >  linu—.ood(5ft) 

X*  r 

>  limfc_oo  f  ~  f'  ((Zf*) 

do  L- 
X  r 

=  1  A. 

T  being  arbitrary,  (2.29)  shows  q  £  E  and  I{q)  <  c. 

Lemma  2.30:  q{oc)  =  0  =  q{cc). 

Proof;  If  qix)  =  0.  by  (2.24),  (/(cc)  =  0.  To  prove  that  5(00)  =  0,  an  indirect  argument 
is  employed.  If  q{oz)  ^  0.  as  in  the  proof  of  Lemma  2.11.  there  is  a  sequence  »  cc  and 
^  0  such  that  q{tm)  ^  as  m  oc.  A  slight  modification  of  the  argument  of  Lemma 
2.11  shows  that  V(<f)  =  0,  i.e.  ^  ^  dVt  and  therefore  V'{^)  ^  0.  Consequently  there  is  a 
neighborhood  U  of  cf  in  R"  such  that 

(2.31)  |V'(i)  - '"(01  <  5l'’'(OI 

for  all  X  £  U.  Since  by  (2.24),  q  is  bounded  in  1°^ .  there  is  a  >  0  and  mo  £  N  such  that 


1.32) 


q  (  U  [tn,.tm  +  6]  )  C  U. 

nx  >  TTIq 


Hence  for  t  £  (t^Jm  +  ^),  by  (2.31). 


(2.33) 


\q{t)  -  q{tm)\ 


=  l(Z-fm)V"(s^)-  f  iV'(0-V'{q{s 

Jtrr. 


and 


<^1+15  T  /  ft„-.+6 

\q(s)\^-ds  >  -  /  \q{s)\ds 

By  (2.24).  q{t„i)  ^  0  as  m  oc.  Hence  by  (2.34), 

1 

(2.35)  S 

m  =  mo 

contrary  to  Lemma  2.26.  Hence  =  0  and  5(00)  =  0. 

Note  that  by  Lemmas  2.26  and  2.30,  g  G  F. 

Lemma  2.36:  q  satisfies  (2.5)  and  (2.8)  and  q(t)  €  for  all  t  6  (0,oc). 

Proof;  Lemma  2.26  shows  I{q)  <  c  <  c.  Since  g  G  F,  (2.5)  holcbs.  To  verify  (2.S).  it 
suffices  to  prove  that  q{t)  G  fl  for  all  t  G  (0,oo)  and  therefore  (7  G  F-  Let 

T  =  {te  (0,oc)  1  q{t)  G  d^}. 

By  Lemma  2.30.  T  is  a  bounded  set.  If  T  7^  p,  set  r  =  max{f  |  t  G  T}  and  Q{t)  =  q{t  +  r). 
Then  Q  G  F  and  I{Q)  <  I{q)  with  equality  holding  if  and  only  if 

(2.37)  q{t)  =  q{0)  ^  d^l  for  fG[0,r]. 

But  qif)  is  a  solution  of  (HS)  for  all  f  >  0  and  by  hypothesis  V'{x)  7^  0  on  dQ.  Therefore 
(2.37)  cannot  hold.  Hence 

(2.35)  c  <  I{Q)  <  I{q)  =  c. 


contrary  to  (2.25). 

The  proof  of  Theorem  2,22  is  complete.  As  an  immediate  consequence  of  the  Theorem 
we  have: 

Corollary  2.39:  Under  the  hypotheses  of  Theorme  2.22,  (HS)  possesses  a  homoclinic 
solution  q  with  q{±oc)  =  0  =  <7(±oo)  and  <7(0)  G  dQ,  g(0)  =  0. 

Proof:  Observing  that  (HS)  is  time  reversible,  the  solution  q  obtained  in  Theorem  2.22 
can  be  extended  to  R  via  q(  —  t)  =  q{t).  Since  g(0)  =  0,  this  extension  furnishes  a  solution 
of  the  desired  type. 
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Remark  2.40:  By  combining  the  ideas  of  Theorem  2.1  and  2.22.  one  can  prove  a  stronger 
version  of  Theorem  2.1  where  the  as.sumprion  that  T'(.r)  <  l’(0)  for  all  .r  €  is 

re[)laced  by  V{x)  <  l’(0)  ^  ^  ^\{0}  ^.nd  V  (.r)  =  l’(O)  implies  \''{x)  ^  0  for 

.r  £  511. 

Remark  2.41;  In  Theorem  2.22.  the  assumption  that  7^  0  for  all  .r  G  dS.1  can  be 

eliminated.  However  then  the  conclusion  becomes:  either  there  exists  a  homoclinic  orbit 
joining  0  to  512  (as  in  Corollary  2.39)  or  there  is  an  orbit  of  heteroclinic  type  joining  0 
and  5l2.  i.e.  there  exists  a  T*  >  — cc  and  a  solution  q  of  (HS)  with  q  G  C’[[T*.  ochR"). 
(ji.  oc  ')  =  (ji  cc )  =  0  and 


(2.42'  dist( ), 5^ )  — >  0  as  t  — »■  T’. 

( I:  r'  =  0  at  only  finitely  many  point'^  on  512,  (2.42)  simplifies  to  q{t)  approaches  one  of 
tliese  pc^.uts  as  t  T').  We  will  not  carry  out  the  details  of  the  proof,  which  is  based  on 
the  arguments  of  Tht'orem  2.22  and  results  from  [1].  However  we  will  give  a  quick  skt'tch. 
.Arguing  as  in  the  proof  of  Theorem  2.22.  q^^  converges  in  to  q  G  C'.  a  solution  of 

(HSi  with  qif]  G  11  for  all  f  G  R~.  </(0)  G  512.  and  (2.24)  holds.  If  the  functions  ry,(/) 

avoid  a  neighborhood  of  the  set 


S  =  {x  G  512  i  r'(a-)  =  0}. 

the  arguments  of  Theorem  2.22  and  Corollary  2.39  carry  over  to  show  q  is  a  hotnoclinic 
orbit  of  I  HS).  If  however, 

distlryHO,  S)  — +  0. 

by  appropriiitely  r('scaling  time  and  using  (2.23)  (ii)  and  arguments  from  [1].  a  subsi'queinu' 
of  Gy,,  '  will  converg(.-  to  a  heteroclinic  or  homoclinic  orbit  of  (HSl  emanating  from  0.  Set* 
also  the  proof  of  Theorem  3.1  for  related  rescaling  arguments. 
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§3.  A  reFined  version  of  Theorem  2.22. 

Returning  to  the  settii.g  of  Theorem  2.22,  note  that  di'l  can  have  at  most  finitely  many 
ci.>:i!i>oiients.  for  otherwi.-^e  there  would  exist  an  accumulation  point  r  of  these  components. 
Conseyi’.ently  r  E  OVi  and  V(r)  =  0.  Hence  V''(c)  0.  But  then  the  Implicit  Function 

T'leorcm  shows  there  is  only  one  component  of  dO.  near  c.  Let  5i.....5c  denote  the 
components  of  Our  main  result  in  this  section.  Theorem  3.1.  refines  Theorem  2.22 
and  gives  a  lower  uound  for  the  number  of  ''periodic'’  and  “homoclinic"  orbits  in  the  sense 
of  Corollary  2.39.  i.e.  the  homoclinic  orbits  begin  at  0  at  t  =  — oc  bounce  off  of  some  S j 
t  =  0  and  return  to  0  at  t  =  cc.  Likewise  the  periodic  orbits  bounce  back  and  forth 
1)0" ween  a  pair  of  components  of  dO.  in  finite  time. 

A  result  due  to  Bolotin  and  Kozlov,  related  to  Theorem  3.1.  but  when  there  are  no 
liomoclinic  orbits  present  and  involving  a  rather  different  proof  can  be  found  in  [2.  Theorem 

O  ' 

0^  • 

Theorem  3.1.  L'nder  tiie  hypotheses  of  Theorem  2.22,  let  ^h  the  number  of  homoclinic 
orbits  of  (HS)  emanating  from  0  and  let  ip  be  the  number  of  periodic  (after  reflection) 
orbits  of  (  HS)  which  have  energy  0  and  which  join  components  of  d?t.  Then  Ck  +  Cp  >  C. 

Proof:  Xote  that  T  is  the  union  of  ('  components: 

■  3.2)  r ,  =  {<j  Q  E  \q(0)  £  S,.q{x)  =  0.  and 

,/(r)  €  ft  for  all  t  €  R^}.  1  <  ^'  <  C 
Similarly  for  e  small.  T^  consists  of  f  components; 

(3.3)  r,.e  =  {<7  E  £■  |(7(0)  e  5,,,.<7(oc)  =  0.  and 

q(t)  e  Q,  for  all  <  G  R+}.  I  <  i  <  C. 

where 

(3.4)  S,.,  =  {.r  €  n  1  dist(.r.5,)  =  e},  1  <  i  <  C 

Sets  Fj.r,  ,  can  be  defined  similarly. 

Let 

(3.01  c,  =  inf  I{q),  1  <  t  f 
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and 


(3.6)  c,.(  inf  I{q),  1  <  (  < 

We  fix  !  and  consider  c,.,  .  It  follows  from  the  proof  of  Theorem  2.1  that  there  is  a  5^  G  F, 
such  that  /((7J  =  Cj  f.  Moreover  by  the  argument  of  Proposition  3. IS  of  [1],  is  a  solution 
of  I  HS'  for  /  t  (0.  >c)\Tj  where 

e 

M  "  i  T,  =  {t  G  (0,cc)  1  q^{t)  G  jj  5r,,}. 

r=l 

Two  jHJSsibilities  occur:  (i)  %  ^  o  for  all  small  e  >  0  or  (ii)  =  6  for  a  secpience  ^  0. 
Case  (i):  '71  ^  o  for  all  small  6  >  0. 

This  is  the  more  complicated  situation.  We  will  show  that  there  is  a  “chain”  which 
consists  of  pieces  of  periodic  and  homoclinic  orbits  of  (HS)  and  which  joins  S,  and  0.  More 
precis(.'ly  w('  have: 

Proposition  3.8:  If  'T  ^  o  for  all  small  e  >  0,  there  is  a  p  =  p(i)  <  t  and  a  map  j  : 

{1 . /)}  —  (1 . f}  when'  j(l)  =  i  and  j(s)  ^  j{s')  if  s  s',  numbers  Ti,....Tp  >  0. 

and  functions  . Qp->-i  such  that: 

(a)  Q,  i.s  a  '2T,  periodic  solution  of  (HS),  ^  ^  s  <  p. 

( b )  Q.dd)  G  Q f{Tg)  G  g,(0)  =  o  =  Q,(r,),  i<s<p. 

(<■)  G  for  all  t  G  (O-TJ. 

(d)  Q,,Jr\  is  "homoclinic"  orbit  of  (HS)  such  that  Qp+i  G  r'^(p)  and  Qp+HO)  =  0. 

(e)  Setting  Tp+x  = 

y  /  -|g.|'-V(g,)  c?#  =  inf/  =  inf/, 

(fj  -0  on  [0,r,].  l<s<p+l. 

Proof:  Since  Tf  7^  all  small  e  >  0,  numbers 

(3.9)  CTj  >  r2  >  (7-2  >  •  •  •  >  =  0 

can  b('  defined  tus  follows: 

(3.10)  (t[  =  sup{f  G  (0,  00)  I  v,(0  G  ■S'r, fi¬ 


ll 


Suppose  G  ri  depending  on  e.  Clearly  rj  ^  i  via  (3.6).  Set 

(3.11)  Tj  =  inf{i  G  [O.crJ]  |  q^{t)  G 
so  r|  G  (0,  cTj].  Set 

(3.12)  cr^  =  sup{t  G  [0,  T^)  1  5,(t)  G  U5..} 

r 

If  0-2  =  0,  p  =  1  and  we  are  through.  If  not,  say  qdcr^)  ^  Clearly  r2  ^  i  or  rj.  Set 

(3.13)  =  inf{f  G  [O.CT2]  I  q,{i)  ^ 


Continuing  in  this  fashion,  in  at  most  £  steps,  we  find  the  cr’s  and  r’s  as  in  (3.9).  Note 
that  p  and  the  indices  r^.  depend  on  e  as  well  as  i  and  rp^\  =  i.  However  since  only  at 
most  i  —  1  sets  are  involved,  a  subsequence  0  can  be  chosen  so  that  p  and  ri. . . .  are 

independent  of  e.  We  set  jis)  =  rp_^^i. 

Proposition  3.14:  For  e  sufficiently  small. 

j+i 

(i)  There  is  a  (f  >  0  (independent  of  e)  such  that  <7f(f)  ^  B/i(0)  for  all  t  G 

(ii)  q,(f)  is  a  solution  of  (HS)  on  (<7',  rj)  for  each  s  G  {2, . . .  ,p  +  1}, 

(iii)  There  is  an  M  >  0  (independent  of  e)  such  that  ](7‘  —  r‘|  <  M  for  s  G  {2 . p  +  1}. 

Proof.  If  (i)  is  not  true,  for  some  s  G  {2 . p -!-  1}  there  is  a  sequence  e,„  — >  0  and 

pI  G  (e'^.r')  (with  e  =  e^)  such  that  qdpl)  — 0  as  m  — +  00.  Set 


(3.15J 


QAO  =  <  (a^‘  -b  1  -  t)q,{pl),  t  G  [p',  Ml  +  1] 

[0  t>  mI  +  i  . 


Then  QA't)  G  Fj.f  and 


(3.16) 


HQ,}  -  I{q.) --  f’‘* 

2  m'.  L- 


dt 


-a 


\Ut)\"-V{qAt)) 


dt. 


The  first  integral  on  the  right  hand  side  of  (3.16)  approaches  0  as  m  — >•  cc  while  Lemma 
2.9  .show.s  the  second  term  is  bounded  away  from  0.  Hence  I{Qf^)  <  Hqt^)  for  m  large, 
contrary  to  (3.6).  To  prove  (ii),  it  suffices  to  show  that  H  ('7,^,Tj)  =  d-  But  this  is 
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inimodiare  from  the  definition  of  the  cr's  and  r's  and  (3.C).  Lastly  to  get  (iii),  suppose 
that  rj  -  —y  oc  along  some  sequence  e,„  — >  0.  Then  by  earlier  arguments  qe^(t  -  cr'”*) 
converges  in  R" )  to  ^  €  C“(R'^,R'*)  such  that  q  satisfies  (HS),  q(t)  g  Q  for  all 

t  G  R"^,  ^(0)  e  Sr,,  and 

(3.17)  I(q)  <  lim  <  oo- 

m  —  CO 

The  argument  of  Lemma  2,30  shows  o(oc)  =  0.  But  q((t)  0  5/j(0)  for  all  t  G  'da 

(i)  so  this  is  impossible  and  there  exists  M  as  stated. 

Now  the  functions  can  be  constructed.  Letting  m  —y  oo,  by  Proposition  3.14  (iii). 
a  subsequence  can  be  chosen  so  that 

lim  rj""  -  al”' 

r7i— oc 

exists.  Denoting  this  limit  by  Tp-s+2,  as  above  along  a  subsequence, 

— ^Qp+i{t)  in  Cf^^(R+,R"). 
q.Jt-al-)-^Qp{t)  in  c-([o.r,].R^), 


q.Jt-<^;2,)  —  Qxit)  in  C'^([0.r,].R''). 

By  Pro[K)sition  3.14  (ii)  and  our  construction.  Q,  is  a  solution  of  (HS)  on  (O.T, )  with 
QhO)  G  5j(,).  QAT,)  G  5j(,  +  i).  Moreover  weaker  forms  of  k')  and  (d)  of  Proposition  3.S 
hold: 

(  (c)  Qs{t)  e  D  for  all  t  G  [O.Ts]. 

(3. IS)  <  (d)  Qp+i  is  a  ‘'homoclinic"  orbit  of  (HS) 

{  such  that  Qp+i  G  Tjt,,)  and  Q,,+  ]{0)  =  0. 

Assume  (e)  and  (f)  of  Proposition  3.S  for  the  moment.  Then  the  remainder  of  (b)  follows 
and  extending  as  an  even  function  about  0  and  T,, 

Proof  of  (e);  Clearly 


P+l  rT, 


(3.101 


U 


\\Qs\^-V{Qs) 


dt 


<  lim 


P+l  /•r'’" 

s  L 

5=1 


dt 


<  lim  /(t?t^)  =  liin  inf  I{w)  <  inf  I{w), 

m — oo  f — *^U'€ri,e  U'Sf, 
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the  last  inequality  following  as  in  (2.2S).  To  show  tnat  equality  holds  in  (3.19),  note  first 
that  since  dO.  is  for  any  w  G  F,  with  /(if)  <  co,  there  exists  a  sequence  uq-  G  Fi  such 
that  if^.  — I  If  in  E  and  /(ifA,-)  — +  /(if)-  Therefore  it  suffices  to  find  a  family  of  functions 
C  Fj-  such  that 


(3.20) 


IM 


P+i  fT, 

U 


:^IQ.|--F'(Q.) 


dt 


as  r  ^  oc.  Let  Us  G  C^([0, 1].  Sj(a+i))  such  that  1/3(0)  =  QsiTs)  and  1/3(1)  =  Qs+ifO).  Let 
Uj  r  =  G  C^([0,r],  Sj(34.i)).  Finally  let  r?r(0  be  the  curve  obtained  in  a  natural  way 

by  joining  the  functions  i/i,r(0i  Q2(0.  ^2,r{t),  •  •  • ,  Qp+i(0-  Then  G  F,.  Since 


(3.21) 


0 


as  r  — >  oc,  (3.20)  follows  and  (e)  is  proved. 

Proof  of  (f):  Since  as  in  Lemma  2.30,  Qp+i(oo)  =  0  =  Qpj^i(cc),  (f)  holds  for  s  =  p  4-  1. 
Thus  suppose  1  <  s  <  p.  Since  by  the  part  of  (b)  already  established.  'F(Q3(0))  =  0,  it 
suffices  to  prove  (^3(0)  =  0.  If  not.  a  function  w  G  Fy  will  be  constructed  such  that 


(3.22)  /(if)  <  inf/. 

r  i 

But  (3.22)  is  contrary  to  (e)  so  (f)  must  hold.  To  find  w,  let  a  >  0  be  small  and  L  >  1. 
Set 

(3.23)  m  =  QAj).  tG(O.Ia) 


^Qsif  —  La  +  a),  t  ^  lLa,Ts  +  La  —  a]. 


Then  for  sm<all  a, 


/•Ts  +  La  —  a  i  rT,  ri 

(3.24)  /  (  - 

Jo  “  Jo  L- 


-I 


La 


2L 


iie.(4)|"-r(e.(4)) 


\Q,?-V{Q,) 

dt 


dt 


-f 


dt 


2L'‘ 


l.A 


rjlQsm-  +  o{a)  la  -  -|Q3(0)|^  +  o{a)  a  <  0 
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Introducing  a  function  r/,.  as  in  the  proof  of  (e)  of  Proposition  3.8  with  ^  replacing 

(3.24)  shows 

(3.25)  lim  I{rir)  <  mi  I, 

1 — >oo  F; 

Contrary  to  (e). 

It  remains  to  prove  (c)  and  (d).  Thus  suppose 

(3.26)  g,(0,T,)n(USj) 

If  Qs{t)  hes  in  this  intersection,  V{Qs{t))  =  0  while  V'(Qs(t))  ^  0.  It  follows  that  the 
set  of  such  r’s  must  be  isolated.  Suppose  there  are  m{s)  such  points;  0  <  ^  <  ••■  < 

^  Tg.  Set  Ti;  3  —  ^k  —  i,s  3.nd 

QkA^)  =  Qs(t  -  Tk-Us)  :  [0,rfc,a]  R”,  1  <  ^'  <  m{s). 

Consider  the  new  set  of  i.i  =  XI 3= i  ^(•s)  functions 

Plit)  =  Qi,i(0----,-Pm(l)(0  =  Qm(l),l(<),^l  +  m(l)(0  =  Ql,2(0>etC. 

on  the  associated  t  intervals.  We  claim  fJ.  <  L  Otherwise  for  some  k  <  k,  Pk{Tk)  and 
P^{tk)  €  dSp  for  associated  Ta.-,T^.  and  some  p.  Then  as  in  the  proof  of  (e),  the  functions 
Pi . P/;,  ,  Pp  can  be  made  part  of  a  curve  pr  such  that  as  r  — >  00, 

(3.27)  I{j]r)  ^  r 

,  =  l  >^0  L-' 

<E  / 

3=1  "'o  L-  J 

contrary  to  (e).  Thus  (c)  and  (d)  hold  and  the  proof  of  Proposition  3.8  and  analysis  of 
case  (i)  are  complete. 

Now  we  turn  to: 

Case  (ii):  =  4>  for  a  sequence  >  0. 

Then  the  arguments  of  Theorem  2.22,  especially  Lemmas  2.26  and  2.30,  along  a  sub¬ 
sequence  converges  on  to  a  solution  q  of  (HS)  with  7  G  P,  and 

(3. 28)  I(q}  =  inf  Uw). 

idEF, 
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Hence  q  reflected  about  t  =  0  provides  the  homoclinic  orbit  for  this  case. 

Remark  3.29:  For  case  (ii),  it  is  possible  that  for  some  7  >  0,  g(y)  €  Sj  for  some  j  7^  i. 
However  as  in  the  construction  of  the  <t’s  and  r’s  in  (3.9),  there  can  be  at  most  £  —  1  such 
points,  each  corresponding  to  a  different  set  Sj.  If  V  is  C~,  there  cannot  exist  any  such 
points  7  since  the  solution  to  the  initial  value  problem  for  (HS)  with  u!(7)  —  x  E  Sj  and 
u'{  ~  )  =  0  would  have  as  solutions  both  a  homoclinic  orbit  joining  x  and  0  and  a  periodic 
orbit  joining  x  and  5,. 

Remark  3.30:  The  case  (ii)  follows  in  particular  for  any  i  such  that 

Ci  =  min  c,. 
i<j<e 

Completion  of  the  proof  of  Theorem  3.1:  It  remains  only  to  show  that 
(3.31)  4  +  <?p>f. 

Let  m  b(?  the  number  of  chains  of  homoclinic  and  periodic  solutions  of  energy  0  joining 
the  set  of  5;'s  to  0.  We  have  shown  for  each  Si,  there  is  at  least  one  such  chain.  Hence 
rn  >  t.  On  the  other  hand,  it  is  easy  to  see  that  m  <  and  (3.31)  follows. 

Remark  3.32:  The  hypothesis  that  l’'(x)  7^  0  on  dO.  can  be  weakened.  See  Remark  2.41. 
One  still  gets  an  analogue  of  (3.31)  where  heteroclinic  orbits  are  also  included  provided 
that  one  has  enough  regularity,  e.g.  C*-,  for  50. 
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§4.  fi  =  R'*. 


In  this  section,  a  variant  of  Theorem  2.1  will  be  proved  for  Q  =  R'h  The  existence  of 
an  orbit  emanating  from  infinity  and  terminating  at  0  will  also  be  established. 

Theorem  4.1;  Suppose  T'  €  C^(R",R),  V’(0)  >  V(x)  for  all  x  G  R"\{0},  and 

(4.2)  <  ^"(0). 

Then  for  each  ^  6  R"\{0},  there  is  a  solution  q  =  q{t)  of  (HS)  such  that  q{0)  =  ^  and 
q{:s:)  =  0  -  q{  x). 

Proof:  .4gain.  without  loss  of  generality,  assume  P(0)  —  0.  Set 

(4.3)  =  {a  G  E  I  ir(0)  =  ^  and  u.’(oo)  =  0} 
and 


l4.4)  Cc  =  inf  I{tv). 

^  u-er^ 

W’e  claim  cu-  is  a  critical  value  of  I  and  any  corresponding  critical  point  qc  is  the  desired 
scdution  of  (HS).  The  proof  parallels  that  of  Theorem  2.1  but  is  a  bit  simpler  so  we  will 
omit  it. 

Remark  4.5:  A  more  general  result  than  Theorem  4.1  has  been  obtained  by  Bolotin  and 
Kozlov  using  arguments  from  Riemannian  geometry.  See  e.g.  [2,  Theorem  10]. 

Remark  4.G;  Theorem  4.1  shows  there  is  a  solution  of  (HS)  of  energy  0  joining  each 
point  in  R"  to  0.  Thus  it  is  natural  to  ask  whether  there  is  a  0  energy  orbit  joining  0 
and  DC.  The  next  result  establishes  the  existence  of  such  an  oribt  emanating  from  oc  and 
terminating  at  0.  Reversing  time,  we  get  an  “escape  orbit”  of  (HS).  Since  no  a.ssumptions 
have  been  made  on  the  behavior  of  V’(x)  as  |x|  — +  oo,  this  escape  may  occur  in  finite  time. 
.More  precisely  we  have; 

Theorem  4.7;  Under  the  hypotheses  of  Theorem  4.1,  there  is  a  solution  q  of  (HS)  such 
that  (y(  oc)  =  0  =  fj(oo)  and  |<z(t)|  x  as  t  —*  T*  where  T*  =  0  or  — oc. 

Proof:  We  will  find  a  solution  q  of  (HS)  such  that  g(oc)  =  0,  ^(O)  G  dBi.  and  |(/(t)|  — >  cc 
as  f  — >  T  for  some  T  G  [— oc,0).  Rescaling  time  if  T  >  — cc  yields  the  statement  of  the 
Theorem. 

Two  simple  preliminary  results  are  needed  for  the  proof  of  Theorem  4.7. 
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Lemma  4.8;  Let  and  be  as  defined  in  (4.3)-(4.4).  Suppose  €  F^  and  /(gc)  =  c^. 
Let  r  e  (0,  oo)  and  q  =  Then  w{t)  =  qc[t  +  r)  £  F,,  and  I{w)  =  c,^. 

Proof:  Clearly  w  G  F^.  If  I{iu)  >  =  I(q,f)-,  set 


then  Q  G  Fj  but 


Q{t)  =  q^{t),t  G  [0,r] 
=  Qni^  ~  ^ 


(4.9) 


I{Q)  = 


dt  -\- 


< 


dt 


contrary  to  (4.4). 

Proposition  4.10:  Let  ^  in  R".  Then  there  is  a  sequence  qc^  ^  Tf*  such  that 

-^('Z^Jc)  ==  ^ik  ^loc^^”^’^"^  along  a  subsequence  where  qe  G  F^  and 

Kqc)  =  cc. 

Proof  Since  )  is  a  bounded  sequence,  it  is  easily  verified  via  (4.4)  that  the  critical 
values  Ccj.  are  bounded,  e.g.  by  M.  independently  of  k.  It  then  follows  from  Lemma  2.9 
that  the  functions  q^,^  are  bounded  in  L'^(R'^,R").  Hence  (HS)  implies  (g^^ )  is  bounded 
in  C'"(R'^.R").  Consequently,  as  earlier,  a  subsequence  of  q^^,  converges  in  to  a 

solution  q  of  (HS)  such  that  q(0)  =  C  Moreover  liq^^)  <  M  implies  I{q)  <  M.  The  form 
of  I  shows  q  ^  E  and  a  slight  variation  of  Proposition  2.11  gives  <7(00)  =  0.  Thus  ?  G  F^. 
It  remains  to  prove  that  I{q)  =  c^.  If  not,  by  (4.4),  I{q)  >  c^.  Choose  ct  so  that 


(4.11' 


I{q)  >  a  >  c^. 


Hence  there  is  a  T  >  0  such  that 

rT 
'0 

■'2 


(4.12) 


f 


l\q\‘^  -  V(q) 


dt  >  a  >  c^. 


Since  ^  q^  in  along  a  subsequence,  for  large  such  k, 


(4.13) 


T  r 

./o  L  “ 


dt  >  a  >  c^. 


IS 


Therefore 


(4.14)  cc^  =  I{qc^)  >  a  >  cc 

for  such  k.  On  the  other  hand,  suppose  u;  G  and  I{io)  —  c^.  Let  e  >  0  and  set 

M  15'!  Q)c(t)  +  fG[0,e] 

=iiit-e)  t>e. 

Then  Q;.  E  T^^  and 

(4.16)  cj.  <r(Qe  =  4fe-sT--  j'v{Qt(t))dt  +  Ci. 

Thus  (4.15)-(4.16)  show 

(4.17)  limi.— ooCffc  < -eV(0  + 

Since  €  is  arbitrary,  (4.17)  is  contrary  to  (4.14).  Hence  =  1(g). 

Now  we  are  ready  for  the: 

Proof  of  Theorem  4.7:  Let  (ja.)  C  R”  satisfy  (xa..|  —*■  00  cls  k  —*  00.  For  each  k,  there 
is  a  solution  qk  =  gx*  of  (HS)  given  by  Theorem  4.1.  Since  qkioo)  =  0,  there  is  a  r^.  >  0 
such  that  =  qk[r^)  €  (?i?i(0)  and  qk{t)  G  Hi(0)  for  all  t  >  r^.  Set  qkit)  =  qk{t  +  7^). 
Therefore  gA;(0)  G  dBi  and  g;.  is  a  solution  of  (HS).  In  fact,  by  Lemma  4.S,  it  can  be 
assumed  that  gr-  =  g^^, .  Since  {^k)  C  5Hi,  by  choosing  a  subsequence  if  necessary,  we  have 
^Ar  — >  G  dBi-  Consequently  by  Proposition  4.10,  a  subsequence  of  q^  converges  in 

to  g  G  with  J(g)  =  c^.  This  function  g  is  defined  for  t  G  R"^.  We  will  show  there 
is  a  T  <0  such  that  g  extends  to  a  solution  of  (HS)  in  such  a  way  that  it  satisfies  the 
conclusions  of  Theorem  4.7. 

By  the  choice  of  (xa),  there  is  a  7^.4  <  such  that  qkiTk.i)  C  dB^  and  qk{t)  E  R2  for 
all  t  >  7a, 1.  Consider  the  sequence  {vk  —  7a., i).  We  claim  this  sequence  is  bounded.  If  not, 
''■fc  —  ’"A.-.i  — >  oc  along  a  subsequence.  Clearly 

(‘I-IS)  /  ^lgfcp-F(gfc) 

Jrk.i  I  ^ 

<  sup{c,,  I  g  G  dB2]  <  00. 

Since  —V  is  bounded  away  from  0  in  any  deleted  neighborhood  of  0,  (4.18)  shows  for  any 
e  >  0  and  for  all  large  k,  the  orbit  qk  must  enter  B^.  Therefore  there  is  an  Sk  E  (ta-,i.7a.) 
such  that  qkisk)  E  B(.  Set 

Qk{t)  =qk(t),  ^E[0,sa] 

(4.19)  =  {sk  +  l  -t)qk{Sk),  /  G  [5it,5A-  +  1] 

=  0,  t>SA-  +  l 
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Then  Qk  G  Tj-ji.  and 


(4.20)  liQk)  -  I{qk)  =  V{Qk{t))dt 

-  /  l^\Qk\‘  -  V{qk)  dt. 

dsk 

The  first  two  terms  on  the  right  hand  side  of  (4.20)  go  to  0  as  e  — >  0.  The  curve  qk  joins 
to  to  0  as  t  varies  between  Sk  and  oo.  Hence 

(4.21)  /  dt 

Jsk  L“ 

has  a  positive  lower  bound  independent  of  e  via  Lemma  2.9.  But  then  I{Qk)  <  d{qk), 
contrary  to  the  choice  of  qk-  It  follows  that  (r^.  —  r^-^i)  is  a  bounded  sequence.  Hence  along 
a  subsequence  Tk  —  Tk,i  >0. 

By  appropriately  rescaling  time  intervals  again,  a  subsequence  of  qk  (or  qk)  converges 
to  an  extension  of  q  (as  a  solution  of  (HS))  on  [— ii,  0]  such  that  g(— <i)  €  dB2  and  q{t)  G  B2 
for  t  G  (— ^1, 0).  Continuing  this  construction  yields  an  extension  of  5  as  a  solution  of  (HS) 
to  a  maximal  interval  (T,  oc).  Moreover  there  exists  an  increasing  sequence  tk  such  that 
qi—'f-k)  G  OBk+i  and  q(t)  G  Bk+i  for  t  >  —tk-  This  implies  that 

r=  W{-<U 

and  q{t)  is  not  bounded  as  t  — >  T. 

It  remains  to  prove  that  |(7(t)l  00  as  t  — >  T.  Suppose  that  this  is  not  the  case.  Then 

there  is  a  /r  >  0  and  sequences  Sk  — ^  T,  <7k  —*  T  such  that 

Si  >  <7i  >  So  >  <72  >  •  •  ■  , 

kyl-H-)!  =  h-  k(<7A.)|  =  +  1,  and  /j,  <  |9(t)|  <  ^  +  1  for  t  G  (<7fc,Sfc).  Now  along  a 

subsequence. 

(4.22)  q{sk)  =  lim  qj(sk) 

2—00 

and  by  Proposition  4.10, 

/•oo  r-i 

(4.23)  /  -|<zi^-V"(?)  dt=  inf  I{w)  < 

<  max{c,,  I  q  G  dBfi(O)}  <  M* - 
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It  is  clear  that  M*  is  bounded  independently  of  Hence  letting  k  —>■  oc, 


(4.24) 


'1 

0 


\q\"  -  V{q) 


dt  <  M*. 


On  the  other  hand,  let 


(4.25) 


Then  by  Lemma  2.9, 


3i  —  min  —V(x) 

A*<|x|<,i  +  1 


(4.26) 


so 


-  4'(9) 


dt  >  \/^\q(n)  -  q{cri,)\  > 


(4.27) 


^\q\-V{q) 


dt  =  CO 


contrary  to  (4.24).  Thus  |^(0I  — +  cc  as  f  — >  T  and  the  proof  is  complete. 

For  our  final  result  in  this  section  we  will  given  an  analogue  of  Theorem  4.7  for  a 
potential  1'  which  is  singular. 

Theorem  4.28:  Suppose  there  is  an  xq  €  R"\{0}  and  V  £  C^(R"\{xo},  R)  such  that 
r(0)  =  0.  r(x)  <  0  for  X  G  R"  \  {0,xo} 

(4.29)  lim|x(_oc^''(2-)  <  0, 

and  V(.J')  — *  Jts  x  — >  Xq.  Then  there  is  a  solution,  <7,  of  (HS)  such  that  q{oc)  =  0  and 

q{t)  — >  xo  as  t  — >■  T*  where  T*  =  0  or  — oc. 

Proof:  Since  the  proof  follows  lines  previously  explored,  we  will  only  sketch  the  proof. 
Let  —>■  0.  Let  Q/t  =  R"\-Sek (.fo)-  Then  by  a  combination  of  the  proofs  of  Theorems 
2.1  and  4.1.  there  is  an  X/t  €  dD,^{xQ)  and  a  solution  of  (HS)  such  that  7^(0)  =  xr. 
qk{oc)  =  0.  and  qk{t)  6  fl*,-  for  t  £  (0,oo).  Let  p  £  (0,|xol).  Hence  there  is  a  Xfc  >  0  such 
that  =  qki'^k)  S  dDp  and  qk{t)  €  Bp  for  all  t  >  r*..  Now  continuing  as  in  the  proof  of 
Theorem  4.7.  we  get  7  as  a  limit  of  a  subsequence  of  (7^.''  after  rescaling  time. 
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§5.  Some  time  dependent  cases. 


In  this  section  the  existence  of  hoinoclinic  orbits  for  some  time-dependent  Hamiltonian 
systems  will  be  studied.  Consider 

(5.1)  q  +  Vq{t,q)  =  0 

where  \  satisfies 

(V'l)  V{t.x)  =  -\L{t)x  ■  X  +  Wit,x), 

2 

(I  2)  L{t)  E  C(R.R"*)  is  a  positive  definite  symmetric  matrix  for  all  f  G  R. 

(V3)  IT*  E  C^(R  X  R"‘,R)  and  there  is  a  constant  >  2  such  that 

0  <  x)  <  X  •  x) 

for  all  X  E  R^\{0}  and  t  G  R, 

( V4)  x)  =  o(jx|)  as  X  — +  0  uniformly  in  t  G  R. 

Note  that  (l3)-(l’j)  imply 

(5.2)  U'(f.x)=o(|xi-) 

as  X  — ♦  0.  uniformly  for  f  G  R.  Hence  by  (l’i)-(^h)-  -i'  =  0  is  a  local  maximum  for  all  t  E  R. 
How('V(n'  it  is  not  a  global  maximum  since  by  (I  3)  for  each  t  G  R  is  an  ai(f)  such  that 

(5.3)  U’(f,  x)  >  ai(t)i.ri'‘  for  large  |i|. 

We  do  not  know  if  simple  minimization  arguments  in  the  spirit  of  §2-4  can  be  used  to 
treat  (5.1).  In  [5]  assuming  (Hi)-(1’4),  and  that  L  and  H'  are  T-periodic  in  t.  it  was  shown 
that  (5.1)  possesses  a  homoclinic  orbit  emanating  from  0.  Analogous  results  for  general 
Hamiltonian  systems  were  obtained  by  Coti-Zelati.  Ekeland  and  Sere  [3]  and  Hofer  and 
W'ysocki  [4].  W’e  study  (5.1)  without  periodicity  assumptions  on  L  and  TH.  Two  results 
will  be  obtained.  The  first  is: 

Theorem  5.4;  Suppose  V'  satisfies  (V'i)-(T4)  and 
(V5)  The  smallest  eigenvalue  of  L{t)  — )•  oc  as  \t\  —*  00,  ie. 

inf  L(t)^  •  ^  oc  as  |f|  — >•  oc, 
l«l=i 

(Ik)  There  is  a  U'  G  C(R",R)  such  that 

|ir(f,x)|-b(TF,(Cx)(<(TF(x)| 
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for  all  .V  6  R'^,  i  G  R- 

Then  there  exists  a  (nontrivial)  homoclinic  orbit  q  of  (5.1)  emanating  from  0  and  such  that 

y — CO  L  “■ 

Proof;  Let 

/OC 

[Iryl^  +  L{t)q-q]  dt  <  oc). 

-OC 


Then  Ti  is  a  Hilbert  space  and  as  norm  in  E  we  can  take 


lk/!i‘  =  /  M' +  L(t)q  ■  q]dt. 


Note  that 


E  c  U''  -(R.R")  c  IPIR.R": 


for  all  p  G  [2,  :x]  with  tlie  embedding  being  continuous.  For  q  ^  E  let 


\V{t,q)dt. 


Then  I  G  C'(E,  R)  and  it  is  routine  to  verify  that  any  critical  point  of  /  on  E  is  a  classical 
solution  of  (5.1)  with  i7(±oc)  =  0  =  g(±oc).  See  e.g.  [1],  To  establish  the  existence  of  a 
critical  point  of  /,  a  variant  of  a  standard  “Mountain  Pass"  argument  will  be  employed. 
The  usual  Mountain  Pass  Theorem  does  not  apply  here  since  the  Palais-Smale  condition 
does  n(Jt  hold  due  to  the  fact  that  we  are  working  with  functions  on  the  unbounded  set  R. 
However  by  (5.7)  and  (5.2),  there  are  constants  Q;,p  >  0  such  that 

(5.S)  I{q)>a 

for  =  p.  Moreover  by  (1'3)  -  see  e.g.  [5]  -  there  is  a  €  E  such  that  H^qH  >  P  and 
(5.9)  I{qo)  <  0  -  1(0). 


fC  =  G  C([0.  1],E)  I  (7(0)  =  0  and  i?(l)  =  9o} 


(5.10) 


c  =  inf  max  I(g(s)). 
seA:je[o,i] 
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C  >  Q. 


By  (  o.S  i-i  5.10 ) 

Xo'.v  Ekelaud's  Variational  Principle  -  see  e.g.  Theorem  4.10  and  4.3  in  [6]  -  implies  there 
is  a  secjuence  (<7^. )  C  E  such  that: 

15.12)  c  and  0 

a.s  *  rc.  W'e  will  show  a  subsecpience  of  <7^.  converges  to  a  critical  point,  q  of  I  with 
q  ~  0.  Hence  by  earlier  remarks  7  is  a  solution  of  (5.1)  of  the  desired  type. 

As  a  first  step,  note  that  {qi^)  is  a  bounded  sequence.  Indeed  by  (I3)  and  (5.12).  for 
large  k. 

(5.13)  c  A  1  -f  \\qk\\  >  liqk) - E{qk)qk 

=  (5  -  i)  llmll"  -  -  biyi.ga  -w-l* 

>  (i  -  i)  ll«A 

from  which  the  result  follows. 

Since  ( 'Ik  }  is  l:)ounded.  it  possesses  a  weakly  convergent  subsequence  in  E.  Let  q  denote 
it.s  weak  limit.  .\'(,)te  that  <7^.  converges  to  <7  in  igyRR").  Hence  I'(qk)  0  easily  implies 
/'(i/i  =  t).  i.e.  ([  is  a  critical  point  of  I.  It  remains  only  to  prove  that  q  ^  0.  Since  qk  — +  q 
in  Qk  q  ill  I‘(  [-.4.  .4j,  R")  for  all  ,4  <  cx:.  Hence  it  suffices  to  show  there  is  an 

.4  >  0  such  that  qk  -h  0  in  l2([-.4.  Aj,  R'^b 

Proposition  5.14:  If  qk  —  0  in  Z)‘(  [— .4,  .4],  R" ),  there  e.vists  an  a  >  0  and  independent 
of  .4  such  that 

(5.15)  hmr— .ocll7A:||/,2(n,.R'> )  <  'g{~^ 

where 

d(.4)=  inf  I(t)^6 

1^1=1. |f|>.i 

Proof.  Set  a  =  sup  Consequently 

k 

(5.1C'  )  II'HI1I2(R.R'' )  —  /  \Qk\^<lf  +  j  |<7fcl  df 

J-A  dR\[-.-t..tl 

<  /  ktlT'dt  + -^  [  L{f)qk-qkdt 

J-A  ,d(-4)  dR\[-..i.,i] 

-  L 
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Lottii'.g  A-  — ^  rc.  (o.lo)  is  iinmediare. 

To  complete  the  proof  of  Theorem  5.4,  we  show  that  for  A  sufficiently  large,  ■/-*  0 
in  £ ’( i  —  .4.  .4] .  R"  ).  Indeed  by  (5.12)  and  the  boundedness  of  (ryt)' 


10.171 


Hqk)  -  ■:^I'{qk)qk  = 

/■^  ri 

q(i^qk)  ■  qk  (t,qk) 


dt  —>■  c  >  0 


o-oc  L-  J 

as  £  —  cc.  By  (I4)  and  (I’e)  each  AI  >  0,  there  exists  a  Jv.\/  >  0  such  that 
(O.ISI  j)  •  X  -  ir(f,  Jt)l  <  A7\/|.rj- 

for  all  l-rj  <  M  and  f  G  R.  Taking 


M  =  sup 
k 


by  Proposition  5.14. 
(5.19  j 


=  lim  [  l:'^yq{t,qk)  ■  qk  - '^y{t,qk) 

Kmc, 


dt 


<  A  .vlim/,. — »:||<7t'|l22(R,R«)  < 


l^(A) 


By  il't'-  h(.4)  — »  rc  as  .4  — >  oc.  But  then  (5.19)  contradicts  (5.11).  The  proof  is  complete. 

Remark  5.20;  By  (5.11)  and  (5.19).  the  above  argument  works  whenever  there  is  an  .4 
such  that 

(0.21)  P{A)>^^. 

a 

More  carefvd  estimates  than  those  given  above  show  that  (ks)  can  be  weakened  and  (5.21) 
still  obtains  if  3{A)  is  large  enough  relative  to 


(5.22)  £  =  inf  sup  L{t)^  • 

<eR  1^1=1 

Indeed  (5.13)  provides  an  upper  bound  for  \\qk\\  depending  only  on  p  and  c.  We  assume 
£  <  sup|c|,^i  £(/)£  ■  £  <  2£  on  the  interval  [—h,h].  Note  that  we  may  assume  suppfyo  C 
[— /(.  £]  without  loss  of  generality.  Let  g(s)  =  sqo  G  K  -  Then 


c=  max  £(</(s)) 

s6[0,l] 
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is  an  upper  bound  for  c  depending  only  on  Since  there  is  a  constant  b  >  0  depending 
only  on  ^  such  that 

for  all  ic  E  the  upper  bound  for  \\qk\\  gives  an  upper  bound  for  and  therefore 

for  M .  We  can  also  easily  see  that  q  >  0  depends  only  on  L.  Thus  we  see  the  right  hand 
side  of  (5.21)  depends  only  on  Z.  Therefore  (5.21)  holds  and  Theorem  5.4  remains  valid  if 
3(A)  is  large  enough  relative  to  £_. 

Our  final  result  is  a  variant  of  Theorem  5.4: 

Theorem  5.23:  Suppose  satisfies  (V'2)-(V4), 

(Tt)  There  is  a  T  periodic  function  Zoo  satisfying  (V2)  such  that 

(i)  L^{i)  >  L{t)  for  all  f  E  R  i.e. 

L(t)x  ■  X  >  L(t)x  ■  X  for  all  f  E  R  and  x  E 

(ii)  Zoc( t)x  •  X  >  L(r)x  ■  X  for  some  r  E  R  and  all  x  E 
(hi)  !Z(0  —  L^{t)\  — >■  0  as  |t|  — +  oc. 

{]'*)  \V{t.x)  is  T-i)criodic  in  t. 

(lo)  the  map  0?  — +  .s~AV,j(t.sx)  •  .r  is  a  strictly  increasing  function  of  s  E  (O.oc)  for  all 
t  E  R  and  .r  E  R''\{0}. 

Then  there  exist.s  a  nontrivial  homoclinic  orbit  of  (5.1)  emanating  from  0. 

Remark  5.24;  Condition  (Vg)  is  related  to  hypotheses  that  have  been  used  by  Xehari 
[T-Sl.  Coffman  [9],  Hempel  [10],  and  others.  We  suspect  that  Theorem  5.23  is  true  without 
this  hypothesis. 

Proof  of  Theorem  5.23:  The  proof  follows  the  same  lines  as  that  of  Theorem  5.4.  Now 
we  work  in  Zii  =  VT''"(R.  R").  Note  that  by  (X'2)  and  (X't)- 


iVl?  +  L(t)q  ■  q)dt 


1/2 


and 


+  Loo(t)q  ■  q)dt 


1/2 


are  equivalent  norms  in  E\.  Hence  I  as  defined  in  (5.7)  belongs  to  C'lZii.R).  Moreover 
(5.S)-(5.9)  are  still  valid  in  Ei.  Defining  c  by  (5.10),  with  E  replaced  by  Ei  in  E,  (5.11)- 
(5.13)  still  hold  and  qi^  — +  q  weakly  in  Ei  (along  a  subsequence)  where  I'iq)  =  0.  It  remains 
only  to  prove  that  q  ^  0.  This  will  take  some  work. 
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The  idea  of  the  proof  is  to  consider  the  functional 

(5.25)  =  [  ~\q\' +  ^L^{t)q  ■  q  -  \V{t.q)  dt. 

By  (I’t).  (f  's),  and  (h4),  6  C^(£'i,R)  and  by  earlier  remarks,  critical  points  of  are 

homoclinic  solutions  of 

(5.2G)  q  -  Loc{t)q +  ^yqit,q)  -  ^ 

whicli  emanate  from  0.  We  will  show:  (a)  also  has  a  “mountain  pass’’  critical  value 
c^.  Moreover  by  (Vg),  can  also  be  characterized  as:  (b) 

c-  =  inf{/-(y)  I  y  G  E,\{0}  and  {I^'iy)  =  0}. 

This  enables  us  to  prove:  (c)  c  <  c^.  Then:  (d)  an  argument  related  to  the  one  following 
Propositioir  5.14  implies  q  ^  0. 

The  steps  (a)-(d)  will  now  be  carried  out  in  detail. 

Step  (a):  There  exists  a  nontrivial  homoclinic  solution  of  (5.26)  emanating  from  0. 

Proof:  The  existence  of  such  a  solution  wtvs  established  in  [5].  However  we  will  give 
anc^ther  proof  here  since  we  need  a  minimax  characterization  of  its  corresponding  critical 
value.  Note  that  the  constants  p.a  >  0  and  qo  €  Ei  can  be  chosen  so  that  tire  estimates 
(5.S)-(5.9)  hold  for  both  I  and  J^.  Setting 

(5.27)  =  inf  max 

-slu.i] 

as  in  tire  proof  of  Theorem  5.4.  there  is  a  bounded  sec^uence  (u'r  )  C  £"1  such  that 

(5.25)  /-(a-,) 

Moreerver  a  subseciucnce  of  u'*.-  converges  weakly  in  Ei  and  also  in  to  w  G  E\  such 

that  =  0.  Hence  once  we  show  w  ^  0.  as  earlier  it  is  a  nontrivial  homoclinic 

solution  of  (5.26)  emanating  from  0.  Note  that  since  Loo  and  \V  arc  T-periodic  in  L 

(5.29)  I^{y{t))^I^{y{t  +  eT)) 

for  all  y  E  El  and  6  G  Z.  The  functions  G  Ei-  Hence  0  as  )f)  — >•  00  -  see  e.g. 

(20)-(24)  in  [5].  Consequenctly  by  (5.29),  without  loss  of  generality  it  can  be  assume  that 
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u-jt  achieves  its  maximum  in  [O-T],  Thus  if  w’t  0  weakly  in  Ei  and  in  a‘;  Ic  — »  oc. 
in  fact 


(5.30) 


Wk  ^  0  in  Z^(R.R'’) 


as  k  — >■  oo.  By  (5.2), 

(5.31)  |^Tr,(f,x)  •  X  —  ir(f,x)|  =  o(l)j.T|- 
as  |x|  — +  0  uniformly  for  i  6  R.  Hence  by  (5.30)-(5.31), 

(5.32)  f  I  wk)  ■  Wk  -  lV{t,  Wk)  dt  =  o(l)||u.-fc|| 

J  — OO  L  “ 

as  k  — >  oc.  On  the  other  hand  by  (5.28), 

(5.33)  I 


i’CR.R")  0 


oo  r 

-Ug(^  Wk)  ■  u'k  -  w'k) 


dt 


1 


=  I°-{wk)  -  ~{I’^yiwk)wk  C~  >  a 

as  k  — >  oc.  contra.ry  to  (5.32).  Hence  Step  (a)  is  complete. 

Renaark  5.34;  (5.2S).  (5.33),  Fatou’s  Lemma  and  (J^)'(te)  =  0  imply  (along  our  sub.se- 


quence) 


=  lim 

k  —  oc 


foo 

J-oo  [2 


■WJt,  Wk)  ■  iL>k  -  U'k) 


dt 


/•oc  m 

>  /  u')  ■  ic  —  \V{t.  w) 

J  —OO 


dt  =  I^{w). 


Step  (b):  c-  =  inf{/-(y)  ]  y  G  ^AiO},  {I^)'{y)  =  0}. 

Proof;  Let  b  =  inf{/^(y)  |  y  G  £^{0},  (/^)'(y)  =  0}.  By  Remark  5.34, 


(5.35) 


c'^  >  b. 


We  claim  for  all  u  G  Ei\{0}  such  that  (/^)'(u)  =  0,  there  is  a  y  G  /C  such  that 


(5..3G) 

Then  by  (5.27), 


max  I^igis))  =  /"°(u). 

*G[0,1] 


(5.31 


c°°  <b 


2S 


so  (5.35)  and  (5.37)  yield  Step  (b). 

To  construct  (j.,  note  that  by  (Vg),  if  y  €  Ei\{0},  I^{sij)  achieves  its  maximum  along 
the  ray  {sy  |  s  >  0}  at  a  unique  point  soy  characterized  by  (/^)^('Soy)y  =  0.  (See  e.g.  [9], 
[10].)  Hence  let  n  consist  of  a  segment  of  the  rny  through  U  and  u,  a  circular  arc  through 
i?a/||«||  and  i?yo/||yoll,  and  a  ray  segment  joining  Rqo/WqoW  and  yo-  Explicitly 

f  ^  e  10. 1], 

(5.3S)  y  fi('^’)  =  \  ||u||  ~  3  )  Iffloll 

i  M  '  3)'7o 

Then  ga  ^  K.  for  all  i?  >  0  and  for  R  large.  I^(gnis)}  <  0  for  all  s  G  [y,  1].  Hence  (5.3G) 
holds  and  step  (b)  is  verified. 

Step  (c):  c  <  c^. 

Proof;  Let  g  be  the  path  constructed  in  Step  (b)  with  u  =  w,  w  being  as  determined  in 
Step  (a).  By  (V7)  (i).  for  all  s  €  [0, 1], 


(5.39)  ligis))  <  I'^igis)). 

Hence 

(5.40)  c  <  max  I(g(s))  <  =  c^. 

se[o,il 

If  c  =  c^.  there  is  an  s  €  (0. 1)  such  that 


(5.41)  c  =  I{g{l))  =  I^igis))  =  c^. 

But  there  is  a  unique  s  G  (0,1)  such  that  I°°{g(s))  =  namely  s  =  |lt(,'||/3i?  and 
y(s)  =  u'.  Hence  to  prove  that  c  <  c^,  it  suffices  to  show  that 


(5.42)  /(w)</^(tr). 

If  I(ic)  =  /^(tc).  by  (I't)  (ii).  u'ii)  =  0  in  a  neighborhood  of  t  =  r.  Observe  that  tc  is  a 
solution  of  the  linear  system  of  equations 

n 

(5.43)  g.  +  a^J(t)qJ  =0,  1  <  i  <  t? 

where  a,j(t)  =  0  if  u-'{t)  =  0  and  if  w(t)  ^  0, 


1  dV 

k’(f)P  dqi 
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The  coefficients  a,j  are  continuous  via  (5.2).  Since  w{t)  =  0  near  t  =  t  and  satisfies  a 
linear  system  with  continuous  coefficients,  tr{t)  =  0,  a  contradication.  Thus  (5.42)  follows 
and  Step  (c)  is  proved. 

Step  (d).  Completion  of  the  proof  of  Theorem  5.23. 

Recall  that  (qf;)  is  the  “mountain  pass”  sequence  for  this  problem  satisfying  (5.12) 
and  q  is  the  limit  (along  a  subsequence)  of  q^.  We  must  show  q  ^  0.  Due  to  the 
convergence  of  q^  to  q,  it  suffices  to  prove  for  some  A  >  0, 


(5.44) 


dt  0 


along  a  subsequence.  We  will  use  a  “concentration  compactness”  type  argument.  Suppose 


(5.45)  J  \qkfdt-^0 


as  k  —*■  oc  for  all  .4  >  0.  Consider 


(5.4G) 

W(.’  claim 


=  sup  /  \qkit  +  £T)\'^dt. 
t£Z  Jo 


(5.41 


lim  dk  ^  0. 


k—yo 


Indeed  for  any  u  E  Ei.s.t  ^  f  €  Z,  we  have 

/t  ^ 

—  \u{r  +  (!T)\-dr 

<  |m(.:’  +  ^T)p  +  2  /  |n(r  +  £T)  ■  u{r  +  CT)\dr\ 

Jo 

Integrating  (5. 48)  for  s  over  [0,T]  and  setting  u  =  qk  yields: 

T 

kkit  +  £T)\^  <  ~  \qk{s  +  £T)\\ls 


(5.49 


+ 


T 


ii: 


1/2 


|cjf*..(.s  +  ^r)|^f/s  ||'/;t|Up(R,R") 


<  ^  + 


30 


where  M  is  an  upper  bound  for  ||gA..|l.  Since  C  is  arbitrary,  if  ,5^  — >  0,  (5.49)  shows 


'5.50) 


lkfclk“"(R.,R")  =  0- 

k — -oo 


But  then  the  argument  of  (o. 30)  (5.33)  implies  c  =  0,  a,  contradiction.  Hence  (5.47)  hohH 
Comparing  (5.47)  to  (5.45),  we  see  there  must  exist  a  sequence  Ck  €  Z  such  that 


(5.51) 


(i)  141 


oo  as  k  oo  and 


(ii)  /„  l«i(<  +  >  7  >  0, 


Set  qkit)  =  (ik[t  d-  4- 2")-  By  (V))  (hi)  and  a  familiar  argument,  there  is  a  sub.sequence  of 
which  converges  weakly  in  £1  and  also  in  to  5  G  £1.  a  homoclinic  solution  of  (5.26). 
Moreover  by  (5.51)  (ii),  5  is  a  nontrivial  solution  of  (5.26).  As  in  Remark  5.34,  using  (Vg), 


(5.52) 


=  lim  [ 

k-^oo  J _ 


00  L 

CO 


=  lim 

k —  30 


■^^Vg{t,qk)  ■  qk  -  W{t,qk) 

-  4)  •  4  -  BkC4) 


>  r  4  =  1 

J  — OC  L  “ 


dt 

dt 

\<i)- 


By  Step  (b). 


(5.53) 


I^{q)  >  c~. 


But  (5.52)-(5.53)  imply  c  >  c'^,  contrary  to  Step  (c).  Hence  (5.44)  holds  and  q  ^  0.  The 
proof  of  Theorem  5.23  is  complete. 
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